Degeneration of Kahler-Einstein 
Manifolds I: 

The Normal Crossing Case 

Wei- Dong Ruan 
Department of Mathematics 
University of Illinois at Chicago 
Chicago, IL 60607 

October 2002 

Abstract 

In this paper we prove that the Kahler-Einstein metrics for a degener- 
ation family of Kahler manifolds with ample canonical bundles Gromov- 
Hausdorff converge to the complete Kahler-Einstein metric on the smooth 
part of the central fiber when the central fiber has only normal crossing 
singularities inside smooth total space. We also prove the incompleteness 
of the Weil-Peterson metric in this case. 

1 Introduction 

According to the conjecture of Calabi, on a complex manifold X with ample 
canonical bundle Kx, there should exist a Kahler-Einstein metric g. Namely, 
a metric satisfying Ric 9 = — uj g , where uj g is the Kahler form of the Kahler 
metric g. The existence of such metrics was proved by Aubin and Yau (|10|) 
using complex Monge- Ampere equation. This important result has many appli- 
cations in Kahler geometry. Since Kahler-Einstein metric is canonical for the 
manifold, one would expect its structure to be closely related to the topology 
and complex geometry of the manifold. Starting with this important result, 
Yau initiated the program of application of Kahler-Einstein metrics to algebraic 
geometry (jSJ). It was realized by him the need to study such metrics for quasi- 
projective manifolds ((Hj) and their degenerations. The original proof (|10|) was 
a purely existence result. Later the existence of C\(X) < Kahler-Einstein 
metrics was generalized to complete complex manifolds by Cheng and Yau ([2])) 
where other than existence the proof also exhibits the asymptotic behavior of 
the Kahler-Einstein metric near the infinity boundary. 
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From algebraic geometry point of view, when discussing the compactification of 
the moduli space of complex manifold X with ample canonical bundle Kx , it is 
necessary to consider a holomorphic degeneration family n : X — > B such that 
X t = 7r _1 (t) are smooth except for t — 0, and such that the canonical bundle of 
X t for t ^ as well as the dualizing sheaf of Xq are ample. One important case 
is when X is smooth and the central fibre Xq is the union of smooth divisors 
D\, ■ ■ ■ , Di with normal crossings. As is well known, Kx\x t — Kx t for t / 
and K Xa ■= K x \x is tne dualizing sheaf of X - K x \ Dt = K Di + J2j^i D j- 
The condition that the dualizing sheaf of Xq is ample is equivalent to each line 
bundle Ko i + Dj being ample on Di for 1 < i < I. 

More generally for any index set I — {io, • ■ • ,ik}> Kx\di = Kp, + Y^jgi Dj- 
Recall that for I C J, there is a natural multi-residue map: 

ru : K Dl +^D k ^ K D , +J2D k . 

kgl k£J 

A section fi of Kx can be seen as a collection {fi/} of sections 0/ of Kbj + 
J2kgi Dk that satisfy r/j(fi/) = flj for I C J. 

For t ^ 0, the works of Aubin and Yau imply the existence of unique Kahler- 
Einstein metric gt on X t . For t — 0, the work of Cheng and Yau implies the 
existence of a complete Kahler-Einstein metric go^ on each Di \ Sing(Xo). It 
is interesting to understand the relation between g t for t ^ and the collec- 
tion of complete go/s. Such understanding will provide structure results on 
the Kahler-Einstein metric g t (which was only known to exist previously) based 
on the structure of go/s. Extending Yau's program, G. Tian made the first 
important contribution (in [S]) in this direction. He proved (in [H]) that the 
Kahler-Einstein metric gt on X t is Gromov-Hausdorff convergent to the com- 
plete Kahler-Einstein metric go = {go,i}i=i on the smooth part of Xo under the 
following three assumptions: 

(1) . the total space X is smooth; 

I 

(2) . the central fibre Xo = M Di has only normal crossing singularities; 

t=i 

(3) . any three of the D^s have empty intersection. 

Assumption (2) (normal crossing condition) is rather natural. But (1) and (3) 
are technical requirements that most degeneration families (beyond curves) will 
not satisfy, and it is desirable to remove them. Among (1) and (3), (1) (the 
smoothness of the total space X , or more generally, the base point free condi- 
tion of the family) is much harder to remove. 

Tian's proof in [Sj can be naturally separated into three steps. The first step is 
the construction of certain smooth family of background Kahler metrics gt on 
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X t and their Kahler potential volume forms Vt. (Assumptions (1) and (2) are 
needed in this step.) The second step is to construct a smooth family of approx- 

% — * 
imate Kahler metrics gt with Kahler form uj t = ^r— dd log Vt, where Vt = hVt (h 

Z7T 

is a function on X) satisfies certain uniform estimate independent of t. (Tian 
needed assumptions (1), (2) and (3) in this step.) The third step is to start 
with the smooth family of approximate Kahler metric gt , using Monge- Ampere 
estimate of Aubin and Yau to derive uniform estimate (independent of t) for the 
smooth family of Kahler-Einstein metrics gE,t, which is enough to ensure the 
Gromov-Hausdorff convergence of the family to the unique complete Kahler- 
Einstein metric gE,o — {go.i}\=\ on the smooth part of Xo. (No retriction is 
needed for this step.) The most crucial step is the second step. 

In this work, we will generalize Tian's result by removing assumption (3). Our 
proof will follow the general frame work of Tian's and proceed in three steps. 
The major differences of our approach from Tian's are mainly in the first two 
steps. In the first step, we provide a very simple construction of background 
Kahler metrics gt that is valid even for the more general case (without all three 
assumptions of Tian as long as the dualizing sheaf of the central fibre is ample) . 
In the second step, we use a construction of h different from Tian's which en- 
ables us to get the necessary estimates to carry out the third step without the 
restriction that any three of the Di's have empty intersection. (We still need 
assumptions(f ) and (2) here.) Therefore, besides proving our result, we are also 
able to reduce the program for general case to the construction of function h in 
the second step. Our first main theorem is the following. 

Theorem 1.1 Let ir : X — > B be a degeneration of Kahler-Einstein manifolds 
{X tl gE,t} with Ric(<?£ t ) = —gE.t- Assume that the total space X is smooth 
and the central fibre Xq is the union of smooth normal crossing hyper surf aces 
in X with ample dualizing line bundle Kx ■ Then the Kahler-Einstein metrics 
gE,t on Xt converge to a complete Cheng-Yau Kahler-Einstein metric gE.o in 
the sense of Cheeger-Gromov. 

In the work of Leung and Lu (0), they gave a proof (very different from ours) 
to a result that implies theorem ll.il We believe our method here can be easily 
adopted to provide a new (hopefully easier) proof to their result. They followed 
the general frame work of Tian too. Their first step is the same as Tian's con- 
struction of the background Kahler metrics using cut and paste. In the second 
step, they constructed h (different from both Tian's and ours) that does not 
quite satisfy the estimates necessary to carry out the third step as in Tian's 
work. They compensated this by using a more involved Monge-Ampere esti- 
mate of Aubin and Yau in the third step. Therefore, although following the 
same general frame work of Tian and achieving similar result, our approaches 
in the three steps are all somewhat different from those in In addition, the 
more precise estimate in our second step enable us to work out the estimate 



3 



of the Weil-Peterson metric near degeneration that generalizes Tian's estimate, 
which implies that the Weil-Peterson metric is incomplete. 



Theorem 1.2 The restriction of the Weil-Peterson metric on the moduli space 
of complex structures to the degeneration tt : X —* B is bounded from above 

by a constant multiple of — . In particular, Weil-Peterson metric is 

I log 1*1 

incomplete at t = 0. 



The three steps of our main construction are carried out in sections 2,3,4. The- 
orem n~Tl is proved in section 4. The incompleteness of the Weil-Peterson metric 
is discussed in section 5. 

Note of notation: We say A ~ B if there exist constants C\, G% > such that 
C X B < A < C 2 B. 



2 Construction of the background metric 

For construction in this section to work, it is necessary to assume that the dualiz- 
ing line bundle K x of the total space X exists and is ample, which is valid in our 
situation. Recall that K x /b — Kx^Kg 1 and Kx t = K x /B\x t — Kx\x t - (The 
last equivalence is not canonical, depending on the trivialization K B — Ob- Wc 
will use dt to fix the trivialization of Kb ) Since Kx t is ample for all t, certain 
multiple Kx t will be very ample for all t. Equivalently, K x is very ample on 
X. It is not hard to find sections {&>k}k=o °f that determine an embed- 
ding e : X — > CP Wm , such that {£lt,k}k=o f° rms a basis of H°(K Xt ) for all t, 
where fl tj jt = (flk ® (dt)~ m ) \x t ■ {^t,k}k=o wm determine a family of embedding 
e t : X t — > CP Nm such that e t = e\x t - Choose the Fubini-Study metric ujfs on 
CP Wm , and define 

to = —e*uj FS , & t = &\x t = —etUJFS- 
m m 

Since K^ is very ample on X, oj is a smooth metric on X. The Kahler potential 
of Cj and u>t are the volume forms 

i i 



V= ^fife(g)fi fc , and V t = ^ O t)fe ® D, ttk \ = V ® (dt ® dt)' 1 



vfe=0 / \fe=o 



X, 



Choose a tubular neighborhood Ui of Di and for each (fc+l)-tuple / = (iq, • • • , ik), 
denote [7j = Ui 1 ...i k = Ui 1 R - - - PI Ui k , which is a tubular neighborhood of 
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A = Ai-u = AiH- • -nA fc - Let J7j = C7>\ t/j^ , where Uj is the closure 
of slightly shrinked Uj. On {7°, we may choose local coordinate z = (zo, • • ■ , z n ) 

k 

such that \\zj = t and D ij is defined by Zj = for < j < k. Since K™ is 

j=o 

ample and therefore base point free, V is a non-degenerate smooth volume form 
on X. Locally 

n 

V = p(z) dzjdzj, 

3=0 

where p(z) ~ 1 is a smooth positive function. Use (zi, • • • , z n ) as coordinate on 
X t , through straightforward computation, we have 

3 Construction of the approximate metric 

Fix Hcrmitian metrics || • ||j of the line bundles O(Di) on X. Let Si be the section 
of line bundle 0(A) defining A- One may choose a suitable trivialization of 
O(X ) such that s\ ■ ■ ■ si — t on X. Consider the globally defined functions 

i ii II 2 2 V- 2 . QgN 2 ) 2 
a fe = log ||»fc||fe, a z = 2^ai, h= — . 



fe=i 

k=i 



n«2 



Let y = frV, then 



where 



2 _ 2 — 

w = —99 log V = Co + —ddlogh 

Z7T Z7T 

1 2 

= & + — Ric (ii • lU) + a = w + a > 
k=i afc 



i ! 1 
a = - —da k da k , 



is always semi-positive. When restricted to X t , we have 

u t = u t + a t , where w t = uj\ Xt , u>t=u\x t , a t = a\ Xt - 
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By possible multiplication by a constant, we may assume ||sfc|| < S to be small. 
Then \ak\ will be large and easily \Cj < u < 2Cj. Notice that V t — hV t is the 
Kahler potential of u> t . Assume 



Proposition 3.1 \<p t \ is bounded independent oft. 

Proof: It is sufficient to verify in each Uf . For I = {i , • • • , ik}, on Uj, we see 
that the dominating term of w" is uj^ k A a k . More precisely, there is a smooth 
non-zero function p on X such that 

niN| 4 2 =p|t| 2 on*. 

When restricted to X t , we have 

l 

^ = 9 log p onI ( . 

i=l 

Use this relation to substitute da,i and Bdi in w™ , then the only non-bounded 
terms will be those involving ddi, Bat for i e The dominating term of 

lu" is the one involving |~J dajBaj, namely 



w t " ~ u>?-* A k\ 



v 7 \iei J Kiel I i(^i a )ei 



Choose local coordinate z = (zi, Z2, • ■ • , z n ) on [7° such that Di n is defined 
by Zi — for iei. Then there are smooth non-zero functions pi such that 
||s i ||? = p i |^| 2 . Then 

= dlogpi H -. 

Hence 

Since a 2 , (log |^i| 2 ) 2 are bounded for i £ I, we have 

5> 4 W~(log|i| 2 ) 2 . 




G 



For i e I, a 2 ~ (log |zi| 2 ) 2 . Notice that on Uj 

(l0gji| 2 ) 2 f," dZidZi _ (log |t| 2 ) 2 ( yj d Zl d Zl 

i 

n 

Therefore 



/ 

2 *=1 



(1; 

»=i 



V4 (log|i| 2 ) 2 



1. 



We have |^t| is bounded. 



Let gt denote the Kahler metric corresponding to the Kahler form w t , then we 
have 



Proposition 3.2 The curvature of g t and its derivatives are all uniformly bounded 
with respect to t. 



Proof: On a Riemannian manifold (M,g), we call a basis {vi} proper if the 
corresponding metric matrix satisfies C\{5%j) < (gij) < C2{5ij) for C\,Ci > 0. 
To verify that the Riemannian metric g has bounded curvature, it is enough to 
find a proper basis {vi} such that the second derivatives of g^j and C 1 norm of 
the coefficients of [vi,Vj] with respect to the basis {vi} are all bounded. 

For I — {0, • • • , k}, in Uf, we have coordinate (z , • • • , z n ) satisfying z»|u 4 = 
for i E I. We will restrict to the part of Uf where a 2 , is the largest among all 

d 

af, and take z = (z\, ■ ■ ■ , z n ) as local coordinate for X t . Let Wj = aiZi—- for 

OZi 

d 

0) £ I and Wi — — — for i I. In Ui, the metric can be written as 

OZi 

i k 1 

g t =gt + ctt, where a t = - ^ —dajdaj. 

It is straightforward to check that the basis {Wi,Wi}?=i is proper. Namely 
Ci(^y) < < C2(5ij) for some C\,Ci > 0, where (<7jj) denotes the metric 
matrix with respect to the basis {Wj, W,}™ =1 . (For the upper bound estimate, 
we need — to be bounded, which is due to our restriction to the part of Uj 
where a 2 , is the largest among all af.) 

For j G I, \\s j \\ 2 =p j \z j \ 2 . 
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ir,dk|-> WjXpj) | mQzjf) 



Q 1 

W j (oj)=o i («i-^+* ji ) fori €7. 



The functions 



a, log|£| 2 log |t| 2 1 _ a, 

— , , , — , ciiZi, ctiZi, — , for 1 6 i (3.1) 

a a ao ai ao 

are all bunded in the part of Uf where a 2 , is the largest among all of. Above 
computations imply that the derivatives of functions in l|3.1[l with respect to 
{Wi, Wi}f =1 will be smooth functions of terms in (|3.1|1 and other smooth bounded 
terms. Therefore they are bounded. 

It is straightforward to check that gq and coefficients of [Wi,W}], 
[Wi, Wj] with respect to the basis {Wi, Wi}™ =1 are all smooth functions of terms 
in 13.1(1 and other bounded smooth terms. Consequently, their any derivatives 
with respect to {Wi,Wi}f =1 are also smooth functions of terms in (|3.1|l and 
other bounded terms, therefore, are all bounded. 



Proposition 3.3 For any k, \\4>t\\c k ,g t * s uniformly bounded with respect to t. 



Proof: Similar as in the proof of previous proposition, for / = {0, • • ■ , k}, in 
the part of Uj where Oq is the largest among all af, 4>t is a smooth function of 
terms in (13.11) and other smooth bounded terms. Consequently, Wi((j) t ) is also 
a smooth function of terms in (|3.1I) and other bounded terms. By induction, all 
higher derivatives of <j> t with respect to {Wi} will be a smooth function of terms 
in (|3.1() and other bounded terms. Therefore they are bounded. 



4 Construction of Kahler-Einstein metric via com- 
plex Monge- Ampere 

In this section, we will use the same notions as in the previous sections. In 
using the Monge-Ampere estimate of Aubin and Yau, Tian essentially proved 
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the following. 

Theorem 4.1 (Tian) Assume that <j>t, the curvature of gt and their multi- 
derivatives are all bounded uniformly independent oft, then the Kahler- Einstein 
metric gs,t on X t will converge to the complete Cheng-Yau Kahler- Einstein 
metric gE.o ° n Xo \ Sing(A"o) in the sense of Cheeger-Gromov: there are an 
exhaustion of compact subsets Fp C X$ \ Sing(Xo) and diffeomorphisms ipp,t 
from Fp into X t satisfying: 



(1) X t \ I J ippjiFp) consists of finite union of submanifolds of real codimension 



(2) for each fixed (3, ipp t gE,t converge to gE,o on Fp in C k -topology on the space 
of Riemannian metrics as t goes to for any k. 



Proof of theorem II. U This theorem is a direct corollary of theorem 14. II and 
propositions 13.11 13.21 13.31 



It is easy to see that our construction actually implies the following asymptotic 
description of the family of Kahlcr-Einstein metrics. 

Theorem 4.2 Kahler- Einstein metric gE,t on X t is uniformly quasi-isometric 
to the explicit approximate metric g t . More precisely, there exist constants 
C\,Ci > independent oft such that C\gt < gE,t < C^gt- 

Proof: The uniform C°-estimate of the complex Monge-Ampere equations 
implies that Ciw™ < lu e t < for some Ci,C% > 0. The uniform C 2 - 

estimate of the complex Monge-Ampere equations implis that Tv gt gE y t is uni- 
formly bounded from above. Combining these two estimates, we get our con- 
clusion. 



5 Weil-Peterson metric near degeneration 

Example: In general, we consider (D*) n+1 , where D* = {0 < \z\ < 1}, with 
Kahlcr-Einstein metric 



00 




0=i 
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where 

n 

a k = log |z fe | 2 , a 2 = ^a 2 ,. 
We are interested in the hypersurface 

n 

x t = {i[z k =t}c(D*r +1 - 

k=0 

Let oj t — u\x t , then 

_sr^ i dz k A dz k i 1 dz k y\ dz k 

(log|t| 2 -glog|z fe | 2 J k ~ X 

Let 

Vlogi 



W 



|Vlogt| 



2 ' 



then tt^W — t^-. It is straightforward to derive that 

" a 2 r) 

w = s T^z k — 

to a2 dzk 



fe=0 ^ ' 



is a natural representative of Kodaira-Spencer deformation class in the Dolbeaut 
cohomology -ff 1 (Tx). 

■ 

For c < 1 consider a smaller domain (D*) n+1 , where D* = {0 < \z\ < c}. For 
w t and VF as in the previous example, we have 



Proposition 5.1 

/ \\dW\\ 2 ^ 

/ 



: ,2n|logc 2 |(l + J)(l + 0(e|Ioge|)). 



log|t| 2 |3 1 ° - 2< 
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Proof: Straightforward computation gives us 



n 2 

ui: = n\ I — 



n 



dz k A dz k 



2 k 



IV. 



I - 



1 \ cr 



fc=0 



We may compute the volume of X t n 



n *i k=i 



[[(da k Ad0 k ). 



k=0 



[ = n\T [ 



H<losc', 1 < k < 71 
E a k > 1 °SW 2 -logc 2 

fc=l 



n°2 M 2 -z 



k=\ 



\k=l 



k=l 



I log |*| 



— / 

|£| 2 |" 7 6* > «. 1 < * < « 



n 



E b fc < 1 - 
fc=i 



fc=i 



= (n+l)\2 n - 



|log|t| 2 |™7 tfc >.. i<* 



\ fe=i / 

/ n \ ~" ^ n 



E <>* < 1 - « 
fc=i 



vfe=l / k=l 



where 



log c 2 



h = 



a k 



l0g|t| 2 ' |l0g|t|2| 

From this, it is straightforward to derive that 



(n+ 1)! 2" 



fe=1 7e °fe JX t n{D*) 



(n+l)! 2" 
4 " |log|t| 2 



- n / ^ 



(n + m n (1 e f (n + l)!2" 

^o^F (1 -n } -i^)^" 4 -^i^F (1 - £) • 



Notice 



"2 



s(3)-$ a --^s>*' 
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It is straightforward to compute 



"3 



3=0 



J=0 t^j 



x t n(£>j)" 



i k < loge- 1 , 1 < fc < n 



4 e«h n^* 

/ n \ / n N 

« 4 IN log|i| 2 -E^ 



vfc=i 



fc=i 



n!2 r 



I log |*| 



^\ n+2 L k >^< 



ME 6 ? 6 ? 



fc=i 



fc=i 



= (n + 1 ) !2 " +ln p^2p2 f bk>t , 1<k<n -T^rrP* 



n-l -+ 



(n + l)!2" +1 n 1 

|l0g C 2|«-l |log|t|2|3y (62 +(1 _ 6„)2)2l = iy i ^ 



II / ^(l + 0(e|loge|)). 



1 (n + l)!2 



n+l 



|log|t| 2 | 3 |logc 2 



— (1 + -)(l + 0(e|loge|)). 



2, ,n 



/ \\dW\\^t 
Jx t n{D')n+i 



f 

Jx t n(D') 



^ ¥ 2n|logc 2 |(l + |)(l + 0( e |log £ |)). 



With respect to the approximate Kahler metric g and parametrizing function t 
on X, we can similarly define W. dW similarly represents the Kodaira-Spencer 
deformation class. We have 
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Proposition 5.2 There exists a constant CI, C2 > independent oft such that 

Proof: Locally in each Uj, we will use similar coordinate and proper basis 
{W i: Wi}™ =0 as m tne P ro °f °f proposition ^. 21 Then the dual basis is {/?;, A}" =1 , 
where = a, = log \zi\ 2 for i £ I and /3 4 = dzj for i ^ I. We have 

w = 2jAA + ^ g l - j dz l dz J + 0{a^, \zi\at,i G /). 

The term (^(a" 1 , \zi\ai,i S 7) is a smooth function of bounded terms in i|3.1|) . 
therefore the multi-derivatives of it with respect to {Wi, Wi}f— are also of order 
0(a^ 1 , \zi\ai : i G /), which are small in t/j . It is straightforward to derive that 

w = E 4*'/- + -°( o r x , \ziKi€ i). 

' or ozj a 
ie/ 



|zi|aj,z 6 I). 



Apply proposition 15. 21 we can find C%, C2 > independent of t such that 

Cl /" n ^ f n«Tirll2 n „ ^2 



< 



iiogi^i 3 ;^ 4 -Jv°nx t " " 9t * ~ iiogitpi 8 ;^, 

Conbine these estimates, we get the statement of the proposition. 



Proof of theorem 11.21 As pointed out in [Hj 



d d 
9wp \jfdt 



X t -IXt 



H[ dt 



J E.t 



9E,t 



where H y^J d en °t e the harmonic representative of the Kodaira-Spencer de- 
formation class. As mentioned earlier, such class can also be represented by 

§W —— —— 

. Apply proposition 15 . 21 and theorem 14. 21 we have 



" ' i 



«>%t< 
9E,t J ' x t 



dW 



9E,t Jx t 



dW 



C 



log |*|| 3 |t| 2 ■ 
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Remark: W in this section can be used to simplify the proof of Tian's theorem 
14.11 Let fit : Xt — * Xq be the map generated by the inverse flow of W. Then 
the restriction $ : X t \ fi^ 1 (Sing(Y )) — > X \ Sing(X ) is a diffeomorphism. 
Therefore ip t = itf)' 1 : X \ Sing(Y ) -> X t \ ^ f T 1 (Sing(X )) is a diffeomor- 
phism. In particular, V>/3,t := V'tl-Fs 1S a diffeomorphism. With such choice of 

oo 

V'/3,tj \ I) ippjiFp) can be naturally identified with /i^ 1 (Sing(X )), which 

(3=1 

is naturally a finite union of submanifolds of real codimension 1. Another nice 
thing about ipt is that it is a symplectomorphism. 
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